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The effects of Gd doping and O vacancies on the magnetic interaction and Curie temperature TC
of EuO are studied using first-principles calculations. Linear response calculations in the virtual
crystal approximation show a broad maximum in the Curie temperature as a function of doping,
which results from the combination of the saturating contribution from indirect exchange and a
decreasing contribution from the f -d hopping mechanism. Non-Heisenberg interaction at low doping
levels and its effect on TC are examined. The electronic structure of a substitutional Gd and of an
O vacancy in EuO are evaluated. When the 4f spins are disordered, the impurity state goes from
single to double occupation, but correlated bound magnetic polarons are not ruled out. At higher
vacancy concentrations typical for Eu-rich EuO films, the impurity states broaden into bands and
remain partially filled. To go beyond the homogeneous doping picture, magnetostructural cluster
expansions are constructed, which describe the modified exchange parameters near Gd dopants or
O vacancies. Thermodynamic properties are studied using Monte Carlo simulations. The Curie
temperature for Gd-doped EuO agrees with the results of the virtual crystal approximation and
shows a maximum of about 150 K. At 3.125% vacancy concentration the TC increases to 120 K,
consistent with experimental data for Eu-rich film samples.
I. INTRODUCTION
EuO is a ferromagnetic oxide semiconductor1,2 with
unusual magnetic and transport properties.3–5 Electron
doping by trivalent rare-earth elements nearly doubles its
Curie temperature TC , while the M(T ) curve deviates
significantly from the Brillouin function.5–9 A similar en-
hancement of TC is observed in Eu-rich EuO films.
10–13
The magnetic transition in bulk Eu-rich EuO is accom-
panied by a metal-insulator transition,14–16 while the TC
is not enhanced. Recent interest in EuO is due to its
potential applications in spintronics as a spin filter in
tunnel junctions17 in insulating pure form and as a high
spin-polarization material18 when doped. It was shown
that EuO can be grown epitaxially on various substrates
including Si, GaN, and GaAs.7,19
Ferromagnetism in pure EuO is due to the 4f -
5d hopping mechanism.20 First-principles calculations
confirm that magnetic interaction is short-range and
ferromagnetic.21–23 Large enhancement of TC under dop-
ing is induced by the filling of the conduction band
and the associated indirect exchange mechanism. This
mechanism is physically of the Ruderman-Kittel-Kasuya-
Yosida (RKKY) type,24 but at low doping levels it devi-
ates from the Heisenberg form owing to the half-metallic
character of the conduction band in the ferromagnetic
state.4,25,26 This non-Heisenberg character may be re-
sponsible for the peculiar shoulder observed in the M(T )
curves for Gd-doped EuO.
TC goes through a broad maximum as a function of Gd
concentration.8 First-principles calculations have been
limited to the virtual crystal approximation and were
based on the fitting of the total energies for several mag-
netic configurations to the Heisenberg model.23,27 These
calculations yield a broad maximum in TC in agreement
with experiment. It was, however, argued26 that this
maximum is associated with dynamical effects. On the
other hand, Mairoser et al.9 observed that the carrier
density appears to fall behind the actual Gd concentra-
tion and raised the question whether the intrinsic limit
of TC has been achieved.
The metal-insulator transition in Eu-rich EuO involves
impurity levels on O vacancies,14,15,28–30 which absorb
free charge carriers from the conduction band in the para-
magnetic state. Whether a similar transition exists in
Gd-doped EuO31–34 due to shallow donor levels is not
fully clear, as the transition is not observed in all mea-
surements and may be due to the presence of oxygen
vacancies.35
Here we investigate the electronic structure and ex-
change interaction in Gd-doped and Eu-rich EuO using
first-principles electronic structure methods combined
with both linear response and total energy calculations.
The paper is organized as follows. Linear response cal-
culations in the virtual crystal approximation are de-
scribed in Section II. The electronic structure of isolated
Gd dopants and O vacancies, and in particular the im-
purity levels introduced by O vacancies, are discussed in
Section III. The magnetostructural cluster expansions for
Gd-doped and O-deficient EuO are constructed in Sec-
tion IV. Thermodynamic properties are evaluated using
Monte Carlo simulations in Section V. The conclusions
are drawn in Section VI. The results of Sections IV and
V for Gd-doped EuO were, in part, briefly reported in
conference proceedings.36
II. EXCHANGE INTERACTION IN THE
VIRTUAL CRYSTAL APPROXIMATION
In this section we evaluate the effect of electron dop-
ing on the exchange interaction and Curie temperature of
2EuO using the linear response method for the calculation
of exchange parameters37 within the density functional
theory (DFT). We use Green’s function-based formula-
tion of the tight-binding linear muffin-tin orbital (TB-
LMTO) method38,39 in the atomic sphere approximation
(ASA). The lattice constant is fixed at the experimen-
tal value 5.14 A˚. To improve agreement with the full-
potential band structure, two empty spheres (ES) per for-
mula unit are placed at the centers of all nearest-neighbor
Eu tetrahedra. The electron doping is introduced within
the virtual crystal approximation (VCA) by adding the
electron doping concentration x to the nuclear charge of
the Eu atom.
In order to expose the different mechanisms of ex-
change interaction, we have considered three different
models. Model 1 is designed to provide the best fit to the
quasiparticle self-consistent GW (QSGW ) calculation.40
The basis set includes 6s, 6p, 5d, and 4f states on Eu,
3s, 2p, and 3d states on O, and 1s, 2s, and 3d states on
the empty spheres. The LMTO sphere radii were chosen
as 1.79 A˚ for Eu, 1.16 A˚ for O, and 0.74 A˚ for the empty
spheres. Strong correlations within the 4f shell were in-
cluded using the LDA+U method41 with U = 6.12 eV
and J = 0.6 eV. In addition, an auxiliary external po-
tential of V2p = −5 eV was applied to the O 2p states
in order to place them at the correct binding energy.40,42
The resulting band structure of undoped EuO is shown
in Fig. 1. The indirect Γ-X band gap is 0.76 eV, and
the exchange splitting of the conduction band minimum
(CBM) at the X point is 0.78 eV. The band gap is a lit-
tle too small (the experimental optical absorption gap is
0.95 eV at low temperatures43), and the CBM splitting
is somewhat larger than the experimentally reported 0.6
eV.18
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FIG. 1. (Color online) EuO band structure corresponding to
the LMTO Model 1. Black and red (gray) lines show majority
and minority-spin bands, respectively.
In models 2 and 3 the “open core” approximation is
used for the Eu 4f electrons, whereby these states are
treated as a polarized core and thereby not allowed to
hybridize. In these models the LMTO sphere radii were
1.69, 1.27, and 0.86 A˚ for Eu, O, and empty spheres,
respectively. In Model 2, a −5 eV external potential is
applied to the O 2p states just as in Model 1, but in
Model 3 this is not done. The difference between these
two models highlights the effects of oxygen hybridization
with the conduction-band states.
Table I lists the important exchange parameters (see
Fig. 2a for an illustration) calculated for the three mod-
els at zero and 5% electron doping levels, as well as the
differences between them. First, let us comment on the
physical meaning of these parameters. In the linear re-
sponse method37 the exchange parameter for a pair of
sites i and j is defined as the second derivative of the
total energy with respect to the angles of rotation of the
exchange-correlation fields in the corresponding atomic
spheres: Jij = ∂
2E/∂θi∂θj . In the LMTO setups all
sites carry local moments, including O and the empty
spheres ES. Therefore, one can formally define the pair
exchange parameters for the Eu-O pairs, Eu-ES pairs,
etc. Table I lists all such parameters that are not neg-
ligibly small in undoped EuO (others are less than 0.01
meV). In the doped case a long-range indirect interac-
tion sets in, which will be discussed separately below.
Although individual pair parameters for this long-range
part are not listed in Table I, it contains the full lattice
sum of the Eu-Eu pair parameters (JEu-Eu0 ), as well as the
full lattice sum of all pair parameters connecting a given
site X to the rest of the lattice (JX0 ). Note that the ex-
change parameters are first calculated in reciprocal space
and then Fourier-transformed to real space. The lattice
sums are thus calculated exactly, without a real-space
cutoff.
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FIG. 2. (Color online) (a) Illustration of the pairs of
atoms corresponding to the exchange parameters calculated
in LMTO. (b) Shift of the O atom toward Gd in a Eu-O-Gd
chain. (c) Shift of the Eu atoms away from an O vacancy.
The empty spheres are shown in projection onto the plane of
the figures. The shifts in panels (b) and (c) are exaggerated.
A sensible effective model of exchange interaction in
EuO should only include Eu spins as dynamical vari-
ables. The small magnetic moments on O are induced
by exchange interaction (and hybridization for Model 1)
with the 4f states, while those on ES sites simply re-
flect the extension of the Eu and O orbitals beyond their
atomic spheres. These local moments do not fluctuate
independently, but should be assumed to adiabatically
follow the fluctuating 4f moments on Eu. We should
not, therefore, interpret the exchange parameters con-
necting O and ES to other sites as having direct physical
3meaning, but these interactions should contribute to the
true effective Eu-Eu exchange parameters. For the es-
timate of the Curie temperature TC , in the mean-field
approximation we should consider the total Weiss field
acting on a given Eu spin. In doing so, we should ex-
clude the part attributable to the tails of the orbitals
on the central Eu site itself. In other words, we should
exclude the spurious effects of the orbital “tails” being
fixed while its “head” is rotated, which is what happens,
for example, when a Eu-O exchange parameter is evalu-
ated using the linear response technique in LMTO. Since
such parameters (Eu-O and Eu-ES) extend only to the
nearest-neighbor sites of the given kind, on a crude level
we can simply reduce each such parameter by a factor
(Nj−1)/Nj, where Nj is the number of nearest-neighbor
Eu atoms for site j (which is either O or ES). For Model
1 we can then estimate the “true” effective field param-
eter J0 as J
Eu-Eu
0 + 6(6/7)J
Eu-O
1 + 8(3/4)J
Eu-ES
1 = 18.1
meV, which is only slightly smaller than JEu0 = 19.3 meV.
The classical mean-field estimate of TC = (2/3)J0 for un-
doped EuO then becomes 140 K (we use classical mean-
field estimates of TC to facilitate comparison with clas-
sical Monte Carlo results in the following). This value is
about twice as large compared to the experimental value.
This overestimation can only partially be attributed to
the mean-field approximation, and the remaining error is
probably related to the ASA.
TABLE I. Exchange parameters (meV) for pure and electron-
doped EuO in the virtual crystal approximation.
Model #1 #2 #3
Eu 4f Valence Core Core
V2p −5 eV −5 eV 0
Doping 0% 5% Diff 0% 5% Diff 0% 5% Diff
JEu-Eu1 1.05 1.22 0.17 0.12 0.33 0.21 0.13 0.32 0.19
JEu-Eu2 0.22 0.30 0.08 −0.14 −0.04 0.10 −0.37 −0.26 0.10
JEu-O1 0.27 0.32 0.04 0.21 0.24 0.03 0.44 0.47 0.04
JEu-ES1 0.43 0.53 0.11 0.03 0.11 0.08 0.07 0.16 0.09
JEu-Eu0 14.1 18.6 4.5 0.63 6.0 5.4 −0.75 4.1 4.9
JEu0 19.3 25.7 6.3 2.1 8.9 6.8 2.4 8.6 6.2
JO0 1.73 2.01 0.29 1.29 1.52 0.22 2.78 3.05 0.27
JES0 1.84 2.72 0.88 0.12 0.78 0.65 0.28 0.95 0.66
Comparison between the three models provides infor-
mation about the exchange mechanisms. In Model 2,
where the 4f electrons are not allowed to hybridize,
JEu-Eu1 and J
Eu-ES
1 are reduced by an order of magnitude,
while JEu-Eu2 becomes negative. The Eu-O coupling, on
the other hand, is only weakly affected. These features
confirm that the dominant part of the ferromagnetic cou-
pling in EuO is due to the hybridization of 4f states with
the conduction-band Eu states.20 Note that in Ref. 22
strong antiferromagnetic coupling was found in the open-
core approximation, the origin of which is unclear to us.
Weak ferromagnetic coupling in our open-core calcula-
tions is due to the Bloembergen-Rowland mechanism,44
which involves the hybridization of O states with the
empty conduction band. The downward shift of the O
2p states in Model 2 reduces this mechanism compared
to Model 3, but it is quite small in both Models 2 and 3.
Let us now focus on the effects of electron doping. It
is seen from Table I that the changes in the exchange
parameters due to 5% electron doping are quite similar
across all three models. The dominant effect of doping is
the introduction of an additional indirect contribution to
Eu-Eu coupling, while the parameters connecting Eu to
O and ES sites are only weakly modified. This indirect-
exchange enhancement of the Eu-Eu coupling is not sen-
sitive to the position of the O 2p states (compare Models
2 and 3), as expected for this mechanism.
Fig. 3 shows the enhancement of TC in EuO as a func-
tion of electron doping x evaluated in the mean-field ap-
proximation for Models 1 and 3 as ∆TC = (2/3)(J
Eu
0 (x)−
JEu0 (0)). In Model 1 the TC increases with the doping
concentration x up to an optimal doping level of 10-15%
and then declines. This behavior agrees with earlier the-
oretical results23,27 and with experimental data (see e. g.
Ref. 9). On the other hand, for Model 3 with 4f electrons
treated as open core, ∆TC increases monotonically as a
function of doping.
æ
æ
æ æ
æ
æ
à
à
à
à
à
à
à
à
à
ò
ò
ò
4 f in core
4 f in valence
0 5 10 15 20 250
25
50
75
100
x, %
D
T C
,
K
FIG. 3. (Color online) Enhancement of the Curie temperature
(∆TC) under electron doping for Model 1 (solid black) and
Model 3 (dashed blue) calculated in the mean-field approx-
imation. Red triangles: ∆TC for Model 3 with a correction
for non-Heisenberg interaction (see text).
Takahashi45 argued that the maximum in the doping
dependence of TC in EuO is due to dynamical effects in
the effective interaction between 4f and conduction elec-
trons. In his model TC saturates as a function of doping
unless these dynamical effects are taken into account; he
also suggested that the maximum in TC found in first-
principles calculations of Refs. 23 and 27 is due to the
use of total energy calculations, which partially take into
account the effects of spin disorder. However, our linear
response calculations applied to the ferromagnetic state
still produce a maximum in TC , but only if the 4f elec-
4trons are included in the basis set. These results strongly
suggest that the observed maximum in TC is due to the
competition of two exchange mechanisms. The contribu-
tion of indirect exchange mediated by conduction elec-
trons increases monotonically with doping, but the rate
of its increase drops near the point where the Fermi level
reaches the bottom of the minority-spin conduction band.
On the other hand, the f -d hopping mechanism, which
dominates in pure EuO, is suppressed by the filling of the
conduction band and by the loss of its spin polarization.
The combination of these two effects leads to a broad
maximum in TC . As we mentioned above, the strength
of the f -d hopping mechanism is overestimated in our
calculations, so one may expect that the decline of TC
may also be somewhat overestimated.
So far we have assumed that the exchange interaction
may be described by the Heisenberg model. However,
at low doping concentrations the indirect exchange in
EuO has a non-Heisenberg character due to the half-
metallicity of the conduction band above the threshold
polarization level.4,25,26 In this half-metallic region the
effective Weiss field no longer depends on the magneti-
zation, which may explain the pronounced shoulder ob-
served in theM(T ) curve (see e. g. Refs. 8 and 9 for recent
data on high-quality samples). The effective exchange
parameter in the paramagnetic state is larger compared
to the ferromagnetic state, and thus the above estimates
of ∆TC should be corrected at low doping levels. To this
end, we have calculated the exchange fields as a func-
tion of the polarization of the 4f shell in EuO at 1% and
3% doping levels. These calculations were performed for
Models 2 and 3 by varying the polarization of the open-
core 4f shell, but this variation also represents the effects
of temperature-dependent magnetization. The results for
1% doping are displayed in Fig. 4.
As seen in Fig. 4a, the conduction-band magnetiza-
tion Mc increases almost linearly as a function of mf
up to approximately 3µB. This is the point m
c
f where
the minority-spin conduction-band bottom moves above
the Fermi level due to the exchange splitting induced
by the 4f shell. For mf > m
c
f the magnetization stays
constant at 0.01µB, which is equal to the electron dop-
ing level. However, the local moment on the Eu atom
continues to grow at larger mf at a smaller rate. A
similar change of slope is observed for the effective ex-
change field (Fig. 4b). We interpret these features as a
combination of indirect exchange interaction and other
mechanisms. Indirect exchange contributes an approxi-
mately linear term to mEu and Bx at mf < m
c
f , but at
mf > m
c
f its contribution stays constant. Other mech-
anisms (Bloembergen-Rowland) contribute a linear term
for the entire range of mf . Thus, the difference in slopes
below and above mcf gives the indirect exchange contri-
bution to Bx, from which we can recover the effective
indirect exchange J˜Eu0 . The latter is shown in Fig. 4b by
a solid (red) line. We see that J˜Eu0 is 2.55 times larger
in the paramagnetic state (mf ≈ 0) compared to the
ferromagnetic state (mf = 7µB). This enhancement de-
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FIG. 4. (Color online) (a) Non-4f contribution to the local
moment on Eu atoms (mEu, blue circles) and magnetization
(Mc, red squares) as a function of the polarization mf of the
4f shell. (b) Effective exchange field on Eu (Bx = J
Eu
0 /mf ,
blue circles) as a function of mf (left axis). In both panels
the straight lines are linear fits to the data below and above
the point of half-metallicity. All filled symbols are for Model
3, and empty symbols are for Model 2. Red solid line in panel
(b): effective indirect exchange parameter J˜Eu0 (right axis)
extracted from the fits to Bx for Model 3.
creases with the doping level as the half-metallic region
shrinks and eventually disappears. The corrected ∆TC
for 1% and 3% doping is shown in Fig. 3 by (red) tri-
angles. Faster increase of TC with doping is in good
agreement with experimental data.
Following Mauger,25 we can also estimate the effect of
the non-Heisenberg character of the indirect exchange on
the magnetization curve. Assuming that the electron gas
remains degenerate, we solve the mean-field equations
with magnetization-dependent indirect exchange contri-
bution J˜Eu0 added to the Heisenberg part. Instead of us-
ing the overestimated calculated value for the Heisenberg
part of JEu0 , we normalize it to produce the experimental
TC of 69 K. The resulting M(T ) curve for 1% doping is
shown in Fig. 5. (Here we used the Brillouin function
for quantum spin 7/2, which makes the TC enhancement
larger compared to that shown in Fig. 3.) The shape
of the M(T ) curve is similar to earlier calculations25,26
and qualitatively similar to experiment (see e. g. Ref. 8).
The cusp, which is a consequence of our fitting procedure,
should be smeared if a more accurate fitting is used near
the crossover point mcf .
In this section we have considered the exchange inter-
action in electron-doped EuO within the virtual crystal
approximation. In reality the individual dopants intro-
duce local perturbations in the electronic structure and
magnetic interaction due to their chemistry and struc-
tural relaxations around them. These effects are consid-
ered in the following sections.
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FIG. 5. Temperature dependence of reduced magnetization
of EuO at 1% doping taking into account the non-Heisenberg
character of the indirect exchange interaction (solid line). The
dashed line shows M(T ) for undoped EuO.
III. ELECTRONIC STRUCTURE OF Gd
DOPANT AND O VACANCY IN EuO
To gain more insight in the role of different electron
dopants in EuO, in this section we consider isolated Gd
impurities and O vacancies. Here and in the next sec-
tion we use the pseudopotential plane-wave method with
the projected augmented wave (PAW) potentials46,47 as
implemented in the VASP package.48 Generalized gradi-
ent approximation (GGA)49 is employed in combination
with the Hubbard U correction for Eu and Gd 4f or-
bitals. The atomic configurations were optimized in the
ferromagnetic configuration using the conjugate-gradient
algorithm. All the technical details of calculations were
similar to Ref. 40.
A. Electronic structure in the ferromagnetic state
Single impurities were introduced in the 2 × 2 × 2 cu-
bic supercell containing 64 atoms, producing GdEu31O32
and Eu32O31 structures. As previously discussed,
40 Gd
impurities induce fairly large displacements of nearby
O atoms towards themselves. Thus, in each nearest-
neighbor Eu-O-Gd chain the Eu-O bond becomes 0.12-
0.15 A˚ longer than the Gd-O bond (see Fig. 2b for an
illustration). Energy gained in this relaxation is respon-
sible for the strong positive pair interaction for second-
nearest neighbors in this system. In the case of an O
vacancy, the neighboring Eu atoms shift 0.13 A˚ away
from the vacancy site (see Fig. 2c). Figure 6 shows site-
projected densities of states (DOS) for the cations in the
GdEu31O32 supercell (panel (a)) and in the Eu32O31 su-
percell (panel (b)). The sites are labeled in the order of
their distance from the impurity site. (For the supercell
with an O vacancy, Eu4 is equivalent to Eu1.)
Each Gd atom donates one electron to the conduction
0
0.2
0.4
-3 -2 -1 0 1 2
E-EF (eV)
0.2
0.4
Eu1
Eu2
Eu3
Eu4
Eu5
Gd
(a)
D
O
S 
(st
ate
s/e
V/
ca
tio
n)
0
0.2
0.4
-3 -2 -1 0 1 2
E-EF (eV)
0.2
0.4
Eu1
Eu2
Eu3
Eu5
D
O
S 
(st
ate
s/e
V/
ca
tio
n)
(b)
0
0.2
0.4
-3 -2 -1 0 1 2
E-EF (eV)
0.2
0.4
Eu1(↑)
Eu2
Eu3
Eu5
Eu1(↓)
D
O
S 
(st
ate
s/e
V/
ca
tio
n)
(c)
FIG. 6. (Color online) Partial site-projected DOS for dif-
ferent cation sites. (a) GdEu31O32 supercell, ferromagnetic
state. (b) Eu32O31 supercell, ferromagnetic state. The arrow
indicates the filled localized impurity state. (c) Eu32O31 su-
percell, random collinear spin configuration. The O vacancy
has 3 Eu neighbors each with spin up and down, which are
denoted Eu1(↑) and Eu1(↓). The cut-off peaks in all panels
are the 4f states.
band. As seen in Fig. 6a, the deviations from homoge-
neous occupation of the conduction band are relatively
small, indicating that the shallow impurity state is fully
incorporated in the conduction band at the considered
Gd concentration. Still, the occupied conduction-band
partial DOS (Fig. 6a) is somewhat larger for the Gd atom
6and its second-nearest Eu neighbors (Eu2) compared to
other Eu atoms. The increase for Gd is due to its larger
nuclear charge, but for the Eu2 atoms it is due to the dis-
placement of the O atoms between Eu2 and Gd towards
Gd and away from Eu2, which reduces charge transfer to
O and shifts the electronic states on Eu2 towards lower
energies. The downward shift of the majority-spin 4f
states on Eu2 has the same origin. In the next sec-
tion we will see that the associated changes in the local
conduction-band magnetic moments significantly modify
the exchange interaction near Gd impurities. Small dif-
ferences in the conduction-band occupations between Gd
and Eu atoms are in sharp disagreement with Ref. 50 ar-
guing that Gd 5d states are occupied much more than the
Eu 5d states. This difference might be due to the use of
the Hubbard U correction for the Eu 5d orbitals in Ref.
50, which results in the band structure that disagrees
with GW calculations.40
A charge-neutral O vacancy contributes two extra elec-
trons. Fig. 6b shows that in the ferromagnetic state only
one of these electrons is donated to the conduction band,
while the second one occupies a majority-spin impurity
state at −1.15 eV, which does not extend beyond the
Eu atoms adjacent to the vacancy (this state is indicated
by the arrow in the figure). The minority-spin coun-
terpart of this impurity state lies about 0.25 eV above
the Fermi level. For the large vacancy concentration in
our supercell, the impurity states are considerably broad-
ened into impurity bands; as a result the minority-spin
impurity band becomes slightly occupied. The energy
dependence of DOS for the impurity states is typical for
a single tight-binding band in the simple cubic lattice,
which corresponds to the choice of the cubic supercell
with one vacancy. The spatial structure of the occupied
impurity state is seen from its charge density shown in
Fig. 7. The charge is concentrated on the vacancy site as
well as on its six nearest Eu neighbors, extending further
along the [001] directions towards the O atoms.
The exchange splitting of the impurity state on the O
vacancy is approximately 1.4 eV, which is significantly
larger than the exchange splitting of the empty con-
duction band in EuO. As will be further discussed be-
low, a large part of this exchange splitting is due to
the exchange-correlation field generated by the impurity
state itself.
B. Discussion of the thermally-induced effects in
Eu-rich EuO
The binding energy of the impurity states, their ex-
change splitting, and energy cost of double occupancy are
important factors in the theories of the metal-insulator
transition in Eu-rich EuO.14,15,28–30 Let us, therefore, ex-
amine these features more closely. First we discuss the
relevant parameters and then turn to their implications
for the finite-temperature magnetic and transport prop-
erties.
FIG. 7. (Color online) Charge density of the filled impurity
state in the Eu32O31 supercell (units of 10
−3 A˚−3).
1. Temperature-dependent shifts
Sinjukow and Nolting proposed a model30 in which
the impurity states in Eu-rich EuO are described in the
atomic limit of the correlated Kondo lattice model.51 In
their description each impurity state interacts with one
Eu 4f spin. As a result, there are 4 quantum states for
the “impurity atom” characterized by quantum numbers
n and J , where n is the number of electrons in the im-
purity orbital, and J is the total spin of the impurity
atom: |0, S〉, |1, S + 1/2〉, |1, S − 1/2〉, and |2, S〉, where
S = 7/2 is the spin of the half-filled Eu 4f shell. The
corresponding energies are 0, ǫ0−JS/2, ǫ0+J(S+1)/2,
and 2ǫ0 + U , where ǫ0 is the binding energy of the im-
purity state in the absence of exchange coupling, J is its
exchange coupling with the 4f spin, and U the Coulomb
energy in the doubly occupied state. The four single-
particle excitation energies correspond to the transitions
|0〉 → |1, S + 1/2〉, |0〉 → |1, S − 1/2〉, |1, S − 1/2〉 → |2〉,
and |1, S + 1/2〉 → |2〉, where the electron is extracted
from the reservoir with the chemical potential µ. The
corresponding transition energies are E1 = ǫ0−µ−JS/2,
E2 = ǫ0−µ+ J(S+1)/2, E3 = ǫ0−µ+U − J(S+1)/2,
and E4 = ǫ0−µ+U +JS/2. In this model the four tran-
sition energies do not depend on temperature, but their
spectral weights do.30,51 Based on these assumptions, it
was argued30 that the notion of a temperature-dependent
exchange splitting of the impurity state15 is unphysical.
Contrary to the model assumption of Ref. 30, an im-
purity state on an O vacancy interacts not with one, but
with six Eu 4f spins. Therefore, the atomic limit with
four energy levels is irrelevant to this system, while the
7treatment based on the temperature-dependent exchange
splitting is quite appropriate. Indeed, consider a cluster
of six Eu spins interacting with an impurity spin and
placed in an effective Weiss field HW to describe the fer-
romagnetic state. This gives an effective Hamiltonian
Hˆeff = −(HW + J˜ σˆ)
6∑
i=1
Sˆi (1)
where σˆ is the operator of the impurity spin. The empty
and doubly occupied impurity states have spin zero and
do not interact with the 4f spins at all. For the singly
occupied impurity states σˆ is the spin 1/2 operator. The
singly occupied eigenstates can then be classified by the
total spin Sf of the 4f shells and its projection Sfz,
plus the total spin of the system, as |Sf + 1/2, Sfz〉 and
|Sf − 1/2, Sfz〉. The corresponding energy levels are
ǫ0 − HWSfz − JSf/2 and ǫ0 − HWSfz + J(Sf + 1)/2.
The states with 0 and 2 impurity electrons have energies
−HWSfz and 2ǫ0 −HWSfz + U .
The value Sf lies within the range 0 ≤ Sf ≤ 21. Thus,
there are multiple energy levels with different values of
Sfz. This situation is quite different from the atomic
limit,30 in which the 4f spin is always equal to 7/2. The
statistical probabilities of levels with different Sfz are de-
termined by the Weiss field. At zero temperature only
Sfz = 21 is occupied, and the impurity levels are fully
spin-split. The ground state is |21+1/2, 21〉 and there are
two single-particle transitions to empty and doubly occu-
pied impurity orbital with energies ǫ0 − µ− (21/2)J˜ and
ǫ0−µ+U+(21/2)J˜. In the paramagnetic state, the most
probable states have small values of Sfz, for which the
exchange coupling with the impurity spin is weak. For
these statistically important configurations the impurity
state can be either singly or doubly occupied depending
on the sign of U + ǫ0 − µ. Thus, up to statistical fluc-
tuations around the mean-field solution, the situation is
adequately captured by the temperature-dependent ex-
change splitting. In the following we will therefore disre-
gard the unimportant quantum character of the 4f spins
and treat them classically.
2. O vacancy in the paramagnetic state
In order to simulate the paramagnetic state, we re-
peated the calculation for the 2×2×2 supercell contain-
ing one O vacancy, but now with a random assignment
of spin directions (up or down) on all Eu atoms. The 4f
moments add up to zero both in the entire cell and on the
six Eu neighbors of the O vacancy. The self-consistent
DOS shown in Fig. 6c indicates that the impurity state
in this configuration remains spin-split by ∆x ≈ 0.42 eV.
Since the 4f spins are randomized, this splitting is due
to the exchange-correlation field intrinsic to the impurity
state.
Fig. 6c also shows that the impurity states have differ-
ent weights on the Eu atoms with different orientations
of the 4f spins. Specifically, an electron occupying a
spin-up impurity state is about twice more likely to be
found next to an Eu atom with spin up compared to an
Eu atom with spin down. This feature indicates that
the wave functions of the impurity states adjust to the
given configuration of the 4f spins by partially localiz-
ing towards Eu atoms with parallel spins. The degree
of this partial localization is controlled by the relation
between the exchange splitting of the impurity state and
the hybridization of the Eu 5d orbitals participating in
its formation; it should not be sensitive to the vacancy
concentration. Note that since the wave functions are
different for different spin directions, the configuration of
the doubly occupied impurity state is not a simple spin
singlet.
3. Estimates of the key parameters
We will now estimate the parameters controlling the
energies and occupation of the impurity states, including
the binding energy ǫ0, the exchange couplings, and the
charging energy U . We set the energy zero at the bottom
of the unpolarized conduction band in the paramagnetic
state. All estimates are intended to be accurate to no
better than 0.05 eV.
a. Exchange energies. By analyzing the local mo-
ments on different sites, we estimate that the impurity
orbital has an approximately 38% weight on the vacancy
site itself, 34% weight on the six nearest Eu sites, and
the remaining weight extending to more distant sites. It
is easy to see that the dominant part of ∆x must be due
to the exchange field generated by the “head” of the im-
purity orbital on the vacancy site. Indeed, the exchange-
correlation kernel for the Eu 5d orbital is close to 1 eV,
while the local moments on the nearest Eu sites are less
than 0.06µB. This means that the contribution of Eu
atoms to ∆x is less than 0.02 eV.
The minority-spin impurity state is approximately
half-filled. Therefore, the exchange-correlation energy
for this orbital is Jimp ≈ 2∆x ≈ 0.84 eV. From the local
moment and potential parameter splitting in an LMTO
calculation we found that the exchange-correlation kernel
Js for the s orbital on the vacancy site is approximately
5 eV. This value is consistent with the magnitude of Jimp
(Jimp ≈ Js × 0.38
2).
In the paramagnetic state, the impurity levels are
shifted downward by δ due to their partial localization.
Since the weights on the Eu sites with parallel spins
are about twice larger compared to those with oppo-
site spins (Fig. 6c), a simple arithmetic calculation shows
that δ ≈ ∆f/3, where ∆f is the downward shift of the
majority-spin state in the ferromagnetic configuration
due to exchange coupling with the 4f states.
The full exchange splitting of the impurity state in
the ferromagnetic configuration is ∆0 = 1.4 eV. Since
∆0 = 2∆f + Jimp, we find ∆f ≈ 0.28 eV.
8b. Charging energy Uimp. In the ferromagnetic state
(Fig. 6b) the Fermi level lies close to zero energy (i. e.
half-way between the majority and minority-spin CBM).
The filled and empty impurity bands are centered ap-
proximately at −1.15 eV and 0.25 eV, respectively. The
center of gravity of both bands is therefore at −0.45 eV.
In the paramagnetic state (Fig. 6c) the center of gravity
of the impurity states is approximately at −0.05 eV (ref-
erenced from the CBM). The upward shift of 0.4 eV is
equal to Uimp/2− δ (the minority-spin impurity band is
close to half-filling in Fig. 6c). Thus, we find Uimp ≈ 0.98
eV. This value is quite reasonable for an F center-like
state extending to nearest neighbors of the vacancy.
c. Binding energy ǫ0. On the model level, the elec-
tron removal energy in the ferromagnetic state is equal
to −(ǫ0− µ−∆f ). To estimate the removal energy from
our DFT calculation, we need to correct the Kohn-Sham
eigenvalue at −1.15 eV by subtracting (Uimp−Jimp)/2 =
0.07 eV. Since µ ≈ 0 in our ferromagnetic calculation, we
find ǫ0 ≈ −0.94 eV.
4. Occupation of the impurity states
We are now in the position to discuss the temperature-
dependent occupation of the impurity states. Let us first
consider the limit of a very low vacancy concentration,
for which the impurity bands do not broaden into bands,
while the chemical potential lies close to the CBM. In
the ferromagnetic state the CBM is exchange split, and
µ ≈ −0.4 eV according to our calculations or −0.3 eV
if we take the experimental value 0.6 eV for the conduc-
tion band splitting.18 The impurity orbital is obviously
singly occupied by an electron with spin parallel to the
magnetization. The excitation to an unoccupied state
has energy −(ǫ0 − µ − ∆f ) ≈ 0.8 eV, and the electron
addition energy is ǫ0 − µ+ U +∆f ≈ 0.7 eV.
In the paramagnetic state we should set µ = 0 (CBM is
not polarized), ∆f = 0, and add the localization shift −δ
to the impurity levels. The doubly occupied state now
has energy ǫ0 − µ + U − δ ≈ −0.05 eV with respect to
the singly occupied state, which means that the doubly
occupied state becomes dominant. As long as there are
charge carriers in the conduction band, it is preferable
for them to get trapped by the impurity levels. We could
arrive at the same result by following Slater’s transition-
state argument, which states that the addition energy
can be estimated as a DFT eigenvalue half-way between
the singly and doubly occupied configurations. In the
random spin configuration (Fig. 6c), the minority-spin
impurity state happens to be very close to half-filling.
Therefore, the addition energy can be estimated as the
center of gravity of both impurity states minus the chem-
ical potential. Since we are interested in the dilute limit,
the chemical potential should be placed at the CBM.
Thus, our results suggest that slightly Eu-rich EuO
should be semiconducting with an activation energy of
about 0.05 eV. This picture is consistent with the so-
called “helium atom model” of the metal-insulator tran-
sition in Eu-rich EuO,14 in which the ferromagnetic order
results in the change from double to single occupation
of the impurity states and a subsequent promotion of
free charge carriers into the conduction band. Eu-rich
EuO samples undergoing the metal-insulator transition
exhibit semiconducting conductivity in the paramagnetic
state with an activation energy of about 0.3 eV.14,15 Our
estimate of 0.05 eV is therefore too small. The differ-
ence may be due to the finite size of the supercell, as well
as to errors intrinsic to DFT. On the other hand, the
observed activation energy may actually correspond to
a different bound state. A bound magnetic polaron28 is
a popular candidate, in which the second localized elec-
tron aligns its spin parallel to the deeply bound impu-
rity state and polarizes the spins of the Eu atoms in its
vicinity. We note, however, that double occupation of F
center-like impurity states in the paramagnetic state is
consistent with the experimental observation that TC in
bulk Eu-rich EuO samples is not increased compared to
its value for pure EuO, while even small concentrations
of Gd enhance it notably. If bound magnetic polaron is
the dominant defect in Eu-rich EuO, we would expect a
TC enhancement of a magnitude similar to Gd doping at
approximately double the concentration of O vacancies.
As we argued above, in the dilute limit O vacancies
in EuO should capture two electrons in the paramag-
netic state. The situation changes at larger vacancy con-
centrations on the order of a few percent, which can be
reached in films.10–13 Compared to the dilute limit, there
are two changes: the impurity levels broaden into impu-
rity bands, and the chemical potential is increased unless
there are compensating defects. Although the increase of
the chemical potential tends to further stabilize the dou-
bly occupied state, the lowest-energy state can now cor-
respond to a fractional occupation of the impurity band.
This is the situation seen in Fig. 6c, where it corresponds
to the vacancy concentration of 3.125%. Of course, there
should be no metal-insulator transition in this case, and
TC should be significantly increased due both to the fill-
ing of the conduction band and to the exchange coupling
mediated by the magnetically polarized impurity states,
as is usually observed in Eu-rich EuO films.
In principle, the spin-polarized impurity orbitals could
interact directly and order ferromagnetically above the
TC of pure EuO. However, the following considerations
show that this interaction is too weak. In order to inter-
act strongly, two O vacancies must share an Eu neighbor,
which means they must occupy nearest or next-nearest
O sites. The exchange coupling for such pairs can be
estimated as the difference in the exchange-correlation
energy I5dM
2/2 (I5d ≈ 1 eV) on the shared Eu atom(s)
for parallel and antiparallel orientations of the impurity
spins. At a 3% vacancy concentration, the vacancy or-
bitals carry local moments of about 0.5 µB (Fig. 6c).
Taking into account that the weight of the impurity or-
bital on each neighboring Eu atom is about 5.6%, the
local moment on Eu for parallel and antiparallel orienta-
9tions should be about 0.056 µB and 0, respectively, yield-
ing an energy difference of about 1.5 meV. If the vacancy
orbitals are fully spin-polarized (local moment 1 µB), this
difference would be 4 times larger, or about 6 meV. At
3% concentration each vacancy has a roughly 50% chance
of having another vacancy as its first or second neighbor.
Thus, even in the mean-field approximation the maxi-
mum possible TC due to this exchange interaction is less
than 10 K, which is well below the ordering temperature
of pure EuO.
Thus, we expect that the vacancy orbitals should be-
have as Anderson local moments, and their dominant ef-
fect on TC should be through an enhancement of the
exchange coupling between the Eu 4f spins that they
overlap with. The local moment on the impurity orbital
varies gradually in the whole range of magnetization from
ferromagnetic to paramagnetic (see Fig. 6b and 6c), and
the impurity band does not become half-metallic at any
temperature. Therefore, it is likely that the interaction
introduced by these orbitals does not deviate strongly
from the Heisenberg model. The magnitude of this inter-
action will be evaluated in Section IVB.
To conclude this section, we note that filling of the
impurity states on O vacancies suggests a possible ex-
planation for the results of the ARPES measurements
on Gd-doped EuO,34 which showed the transfer of the
spectral weight from the electron pockets near X points
toward bound states of unknown origin as the system is
heated beyond the Curie temperature. It was suggested34
that Gd-induced O vacancies could be responsible for a
defect band contributing the bound states. Our present
results not only provide evidence in support of this hy-
pothesis, but also show the possible mechanism of the
temperature-dependent spectral weight transfer. The
Fermi level is shifted upwards in Gd-doped EuO, tending
to stabilize the doubly occupied impurity state. There-
fore, the impurity bands may get fully filled in the param-
agnetic state even at fairly large vacancy concentrations.
IV. MAGNETOSTRUCTURAL CLUSTER
EXPANSION
In this section we describe a magnetostructural cluster
expansion (MSCE) approach, which is a combination of
the cluster-expansion (CE) technique52–57 for substitu-
tional alloys with the spin-cluster expansion58 for mag-
netic systems, enabling the description of the interaction
between the configurational and magnetic degrees of free-
dom in a magnetic alloy. This approach allows one to
take into account the dependence of the magnetic inter-
action parameters on the local chemical environment, as
well as the influence of magnetic order on the configura-
tional thermodynamics. Our goal here is to evaluate the
effects of Gd doping and O deficiency on the magnetic
properties of EuO beyond the virtual crystal approxi-
mation, and in the actual calculations we will assume
that the dopants are randomly distributed over the lat-
tice. The main idea of this method and its application to
Gd-doped EuO were briefly reported earlier.36 Here we
provide a more general formulation of the method and
additional details justifying the choice of parameters for
Gd-doped EuO. A simple MSCE model for O-deficient
EuO is also presented.
In general, we may consider a magnetic substitutional
alloy, whose configuration is described by occupations
numbers nip, where i is a lattice site, p the component
index, and nip = 1 if and only if site i is occupied by
component p. Atoms of some components also have a
classical spin variable Si associated with them, which
we treat in the adiabatic approximation.59 We assume
that the total enthalpy of the alloy is a function of all
occupation numbers and spin variables: E = E(n, S).
This total energy can be, quite generally, represented as
an expansion in a set of spin-structure clusters
E(n, S) =
∑
α⊂A,ν
mνAαJ
ν
Aα〈ΠA(n)Φ
ν
α(S)〉 (2)
Here A = {i1 → p1, . . . , iN → pN} denotes a subset
of lattice sites (of size N) with a mapping to the set
of components, and ΠA is the corresponding projector:
ΠA = ni1p1 · · ·niNpN . The index α designates a magnetic
subset of A (with the inherited mapping). The effective
magnetostructural cluster interaction JνAα is an energy
term attached to a particular spin basis function58 Φνα
(labeled by ν) for a magnetic cluster α. The angular
brackets denote averaging over the entire crystal, and the
factor mνAα is the multiplicity factor needed to count the
clusters correctly depending on their symmetry.57 The
influence of the alloy configuration on the magnetic in-
teraction is reflected in the dependence of the parameters
JνAα on A.
A. Gd-doped EuO
Although in general the expansion in Eq. (2) can in-
clude arbitrary multispin interactions, here we restrict
ourselves to Heisenberg exchange. The resulting model
is therefore not expected to correctly describe the non-
Heisenberg indirect exchange at low doping levels, which
was discussed in Section II. The exchange parameters,
however, will depend on the chemical environment. In
this special case, the magnetic subcluster α always con-
tains two sites, the index ν is superfluous, and the total
energy can be written as
E = −
1
2
∑
ij
Jij(n)eiej (3)
where ei = Si/Si, and the dependence on the compo-
nents residing at sites i and j, as well as on the envi-
ronment, is schematically absorbed in the configuration
dependence of the exchange parameter Jij(n).
As explained in Section III, the shifts of the O atoms
toward Gd increase the local moments of Eu atoms that
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have Gd as their second-nearest neighbors. The same
applies to Gd atoms that have next-nearest Gd neigh-
bors. Fig. 8 shows the dependence of Gd and Eu local
moments in two representative Gd3Eu13O16 structures
on the number of first and second-nearest Gd neighbors.
It is evident that the local moments strongly correlate
with the number of next-nearest Gd neighbors, but not
with the number of nearest Gd neighbors. Further, Fig.
8 shows the dependence of the energy needed to reverse
an individual spin of Eu or Gd on the number of nearest
or next-nearest Gd atoms. The same trend is observed
as for the local moments in Fig. 9. Clearly, larger local
moments indicate increased conduction-electron density
and enhanced indirect exchange interaction.
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FIG. 8. Local magnetic moments of Gd (filled circles) and Eu
(empty circles) in two Gd3Eu13O16 structures as a function
of the number of their nearest (left panel) and next-nearest
(right panel) Gd neighbors.
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FIG. 9. Same as in Fig. 8 but for spin-reversal energies instead
of local moments.
This effect can be explained by the fact that some of
the O neighbors of such Eu and Gd atoms are shifted
away from them. As a result, their electronic states are
lowered, and the conduction states become more popu-
lated. The increased local moments lead to enhanced ex-
change coupling with the neighboring cations. We used
this physical insight to select the magnetostructural clus-
ter set, using the standard cross-validation score57 as an
indicator of the fit quality. This empirical selection re-
sulted in the choice:
Jij(n) =
∑
pq
nipnjqJ
pq
ij (x) + ηij [Si(n) + Sj(n)], (4)
where the dependence of the exchange parameters on the
concentration x of Gd is included explicitly to represent
the homogeneous effect of electron doping. In the fol-
lowing, p = e stands for Eu and p = g for Gd. The
parameters Jeeij are non-zero for first and second neigh-
bors; their values for x = 0 and ratio Je2/J
e
1 for all x are
taken from the separate fitting for pure EuO; and the
dependence on x is represented by multiplying Jeeij (0) by
a quadratic polynomial of x with a unit free term. The
parameters Jegij are non-zero only for nearest neighbors
and are represented by a quadratic polynomial. The pa-
rameters Jggij are non-zero for first and second neighbors
and are independent of x. The second term in Eq. (4)
includes configurational corrections for nearest-neighbor
exchange: ηij = 1 if i, j are nearest neighbors and 0 oth-
erwise. The configuration-dependent terms are defined
as:
Si(n) =
∑
p
BpnipZi + Cnig
∑
k∈Mi
(Zk − 1)nke
+
1
2
Dnig
∑
kl∈Mi
ǫiklnkgnlg (5)
where Be, Bg, C, and D are the fitting parameters, Mi
is the set of 6 second-nearest neighbors of site i, Zi =∑
k∈Mi
nkg is the number of Gd atoms occupying the
sites in Mi, and ǫ
i
kl = 1 only if the directions i → k and
i→ l are orthogonal (otherwise ǫikl = 0). All the cluster
types in Eqs. (4)-(5) are depicted in Fig. 10.
Note that the first term in Eq. (4) corresponds to
α = A in the general expansion of Eq. (2), and its three
nonequivalent clusters are shown separately in Fig. 10(b).
The remaining terms with Si given by Eq. (5) correspond
to more complicated clusters A, α ⊂ A. The structure of
these clusters is selected so as to incorporate the domi-
nant effects of interactions mediated by the local relax-
ations of the O atoms. These interactions “propagate”
between the next-nearest neighbor pairs, and a few clus-
ters of this type are included in Eq. (5). In particular,
the cluster corresponding to the last term in Eq. (5) is
a right triangle of Gd atoms, whose two sides connect
next-nearest neighbors. Each of the other two terms in
Eq. (5), in fact, corresponds to more than one nonequiv-
alent type of cluster. The first term defines inequivalent
clusters with different energies Bp, while the second term
includes two inequivalent clusters with the same energy
C. This choice reduces the number of fitting parame-
ters and is empirically justified by the quality of the fit.
Note that the subtraction of 1 in the second term of Eq.
(5) is purely conventional and is designed to remove the
explicit “self-interaction.”
For the fitting of the MSCE (4)-(5) we used 41 su-
percells containing up to 64 atoms with different con-
figurations of Gd dopants with concentrations up to
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FIG. 10. (Color online) Clusters included in the MSCE (4)-
(5). Red crosses connected by arrows: sites i, j. Green circles:
Gd atoms; blue circles: Eu atoms; black circles: either Gd or
Eu. The clusters enter the MSCE with coefficients: (a) Bp;
(b) Jpqij ; (c) D; (d) and (e) C.
25%. Full structural optimization was performed in
the ferromagnetic spin configuration. Spin-reversal en-
ergies for a subset of individual Eu and Gd atoms in
these supercells were then calculated. The structures
used and the calculated spin-reversal energies are listed
in the Supplementary Material. The resulting MSCE
has a CV score of 6.6 meV/spin and the root-mean-
square misfit of 5.6 meV/spin, and the fitted parameters
are: Jee1 (x) = 0.962 + 12.9x − 45.5x
2; Jee2 /J
ee
1 = 0.02;
Jeg1 (x) = 0.293 + 13.5x − 43.4x
2; Jgg1 = −0.605; J
gg
2 =
1.040; Be = 0.172; Bg = 0.094; C = 0.025; D = 0.097
(all in meV). The parameters Be, Bg, C, and D cor-
respond to 3-site and 4-site clusters of high multiplicity,
and their impact on the quality of the fit is, thereby, quite
significant. Note that the x-dependent contributions to
both Jee1 and J
eg
1 are almost identical, reflecting the same
mechanism of doping-induced interaction. The value of
Jeg1 is much smaller than J
ee
1 at x = 0, which is reason-
able, because the occupied Gd 4f orbitals are strongly
bound and do not participate in the f -d hopping mecha-
nism. Antiferromagnetic Jgg1 coupling is also reasonable
in view of the fact that GdS is and GdO is predicted
to be antiferromagnetic.40 Concentration-dependent cou-
pling between two Gd atoms was not included, because
it did not improve the quality of the fit.
The MSCE (3) assumes the Heisenberg form of mag-
netic interaction and is fitted to configurations that dif-
fer from ferromagnetic by one spin reversal. As we dis-
cussed in Section II, at small doping levels the indirect ex-
change has a non-Heisenberg character, because the con-
duction band becomes half-metallic at sufficiently large
magnetization. Therefore, the MSCE is expected to un-
derestimate TC at small doping levels. Still, we found
that the total energy differences between randomly se-
lected magnetic configurations of the GdEu31O32 super-
cell are faithfully reproduced by the Heisenberg MSCE,
even though their average energy is underestimated by
MSCE by about 13%.36 Therefore, we may expect that
deviations from Heisenberg behavior have a relatively
small effect on TC for concentrations of 3% or more. This
is in agreement with VCA results shown in Fig. 3.
B. O-deficient EuO
For O-deficient EuO, we would like to under-
stand the large enhancement of TC observed in Eu-
rich EuO films, which may contain much higher va-
cancy concentrations.10–13 Such films may be strongly
heterogeneous,11,60 although there is also evidence
against phase separation.61 In order to compare strongly
O-deficient with Gd-doped EuO, we constructed a sim-
ple MSCE for the vacancy concentration of 3.125% under
an assumption that the configurations with vacancies ap-
pearing next to each other are statistically insignificant.
Thus, we considered one Eu32O31 supercell with one O
vacancy (same as in Section III) and calculated the total
energies of several magnetic configurations with reversed
spins on Eu atoms. As in the MSCE for Gd-doped EuO,
we assume that the magnetic interaction has a Heisen-
berg form, which is likely a fair approximation for the
3% electron doping level (see the discussion in Sections
II, III and a further comment below).
There are four inequivalent Eu atoms in the chosen su-
percell. The energy required to reverse the spins on the
Eu atom adjacent to the vacancy is 119.5 meV, while
those for the more distant Eu sites range from 63 to
69 meV. Since these latter energies are very similar, we
assumed that the exchange interaction is homogeneous
beyond the nearest neighbors of the vacancy and used
the average value 67.6 meV for it. This value includes
the contribution of homogeneous electron doping. Large
enhancement of the spin-reversal energy for the nearest
neighbor of the O vacancy is due to the impurity state
(Section III) mediating strong ferromagnetic coupling be-
tween the Eu atoms with which it overlaps. This is the
main feature that we wish to include in the MSCE. In
order to resolve this interaction by pairs of atoms, we
also calculated the energy changes needed to reverse two
of the six Eu neighbors of the vacancy. There are two
inequivalent configurations of this kind, and the corre-
sponding energies are 221.2 meV (when two Eu atoms
are nearest neighbors) and 234.4 meV (when they are
not).
The calculated total energies can be well fitted using
Eq. (3) with
Jij(n) = AJ
0
ij + ηiηj(S1ηij + S2η˜ij) (6)
where J0ij is the interaction determined separately for
pure EuO, A is the scaling factor accounting for the ef-
fect of homogeneous electron doping, ηi = 1 if site i has
a vacancy at an adjacent O site, ηij = 1 if i, j are near-
est neighbors (same as in Eq. (4)), and η˜ij = 1 if i, j
are second-nearest neighbors. The fitted parameters are
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A=1.45, S1 = 3.08 meV and S2 = 2.43 meV. The root-
mean-squared error for the predicted magnetic energies is
4.1 meV. This representation is designed for a particular
vacancy concentration (1 per 32 O sites).
To quantify the deviations from Heisenberg behavior,
we have compared the prediction of the MSCE (6) for the
Eu32O31 supercell with randomized directions (its DOS
is shown in Fig. 6c) with the calculated total energy. The
predicted total energy difference with respect to the fer-
romagnetic state is underestimated by about 11%, which
is similar to the Gd-doped system at the same concen-
tration. This underestimation can again be attributed to
the half-metallicity of the conduction band in the ferro-
magnetic state, and its small magnitude supports the use
of the Heisenberg model at this vacancy concentration.
The parameter A in (6) represents the homogeneous
enhancement of the exchange interaction (relative to pure
EuO) due to the introduction of free charge carriers, and
the same role is played by the x-dependent Jee1 param-
eter in the case of Gd doping. As we’ve seen in Sec-
tion III, both Gd and O vacancy donate one electron
to the conduction band. Using the fitted expression for
Jee1 (x) for Gd-doped EuO from Section IV, we find that
at x = 1/32 it is enhanced by a factor 1.37 compared
to x = 0. This value is similar to the parameter A for
Eu-rich EuO. On physical grounds we may expect that
in a reasonable range of O deficiency the parameter A
should change similar to Jee1 (x) in Gd-doped EuO, while
the other parameters (S1 and S2) reflecting the contri-
bution from the localized state should be independent on
the concentration.
We have also considered the possibility of the forma-
tion of complex defects when both Gd substitution and
O vacancies are simultaneously present. To this end, we
have calculated the total energies of a GdEu31O31 su-
percell, which contains one substitutional Gd and one
O vacancy, for their 4 different mutual arrangements in
this 2 × 2 × 2 supercell. For these arrangements the Gd
and vacancy sites are connected by vectors (1/2, 0, 0),
(1/2, 1/2, 1/2), (1, 1/2, 0), and (1, 1, 1/2) in units of the
lattice parameter a. The lowest total energy is achieved
for the second of these arrangements, relative to which
the four configurations are 138, 0, 46, and 19 meV higher,
respectively. As Gd-doped EuO films are usually grown
at temperatures of 350◦C or higher,8,9 these results sug-
gest that O vacancies should occupy the sites next to Gd
atoms less often than in the random alloy, but there is
no preference for the formation of complex defects.
V. THERMODYNAMIC PROPERTIES
The thermodynamic properties of Gd-doped and Eu-
rich EuO were studied using classical Monte Carlo sim-
ulations for the MSCE models constructed in Section IV
and the Metropolis algorithm. The simulation box con-
tained up to 32000 cation atoms, and the dopants were
randomly distributed over their sublattice. The equili-
bration and averaging passes for each temperature were
performed with 5 × 105 Monte Carlo steps per site or
more.
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FIG. 11. (Color online) Curie temperature TC in Gd-doped
EuO from Monte Carlo simulations for the MSCE model
(black circles) and from the mean-field estimate based on
linear-response results in VCA (blue squares). The latter is
shifted by a constant so that TC(0) coincides with the MC
result.
The M(T ) curves for a wide range of Gd compositions
in GdxEu1−xO do not reveal any unusual features.
36 Fig.
11 shows the Curie temperature TC(x) obtained from the
inflection point of the M(T ) curve. For comparison, the
plot of ∆TC obtained in VCA for Model 1 (Fig. 3) is
added to the Monte Carlo value of TC at x = 0 for the
MSCE model. The Curie temperature for pure EuO is
approximately 72 K in excellent agreement with exper-
iment. The concentration dependence of TC is similar
in VCA and in the MSCE-based MC. Thus, the effects
of lattice contraction and local environment on the ex-
change interaction do not appear to modify the doping
dependence strongly even at larger doping levels. The
maximum TC of approximately 150 K is reached in a
broad range of Gd concentrations in good agreement with
experiments (see e. g. Ref. 9). It is therefore unlikely that
TC can be further increased in Gd-doped EuO. Similar to
VCA, the MSCE-based MC results should underestimate
the rate of increase of TC at low doping levels due to the
neglect of the non-Heisenberg character of the indirect
exchange.
In Gd-doped EuO there are two types of magnetic
atoms, while in Eu-rich EuO the Eu neighbors of an O
vacancy are strongly coupled by the localized state. It is
therefore interesting to examine the contributions to the
total magnetization coming from these different types of
atoms. Fig. 12a shows the atomic contributions to the
totalM(T ) in 15% Gd-doped EuO for Eu and Gd atoms.
Fig. 12b provides a similar plot for Eu-rich EuO with a
1/32 vacancy concentration, sorting out the atomic con-
tribution to M(T ) of Eu atoms that have an O vacancy
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next to them.
HaL
15% Gd
Gd Eu
0 50 100 150
0
0.2
0.4
0.6
0.8
1.0
T, K
M
M
0
HbL
3.125% O vacancies
Eu1
Eun>1
0 50 100 150
0
0.2
0.4
0.6
0.8
1.0
T, K
M
M
0
FIG. 12. (Color online) Atom-resolved M(T ) curves in (a)
15% Gd-doped, and (b) 3.125% Eu-rich EuO. Solid lines show
the total magnetization. In panel (b) the atomic magnetiza-
tion of the Eu neighbors of O vacancies (denoted Eu1) is dis-
played separately from that of all other Eu atoms (denoted
Eun>1).
For Gd-doped EuO we see that the reduced magneti-
zation of the Gd atoms is notably suppressed compared
to that of the Eu atoms. This is because the Gd-Eu ex-
change coupling is significantly weaker compared to the
Eu-Eu coupling, as mentioned in Section IV. The differ-
ence in the M(T ) curves for Eu and Gd atoms could be
experimentally verified using an element-specific probe
such as nuclear magnetic resonance. As seen in Fig. 12b,
in Eu-rich EuO there is a large enhancement of the mag-
netization for Eu sites adjacent to O vacancies, which is
due to strong exchange coupling mediated by the local-
ized states centered at the vacancies. The TC for the
chosen vacancy concentration of 3.125% is close to 120
K, which is only achieved at about twice larger Gd con-
centration in Gd-doped EuO. Thus, the homogeneous en-
hancement of the exchange interaction due to the filling
of the conduction band and inhomogeneous coupling due
to localized states at the vacancy sites contribute nearly
equally to the enhancement of TC in Eu-rich EuO.
Several authors observed that the deviations of the
M(T ) curves from the Brillouin function with a long
“tail” extending to higher temperatures is likely due, at
least in part, due to the finite magnetic field used in the
magnetization measurements.60,62,63 This feature is read-
ily reproduced in MC simulations with a Zeeman field
added to MSCE, as shown in Fig. 13.
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FIG. 13. (Color online) M(T ) curves for Gd0.05Eu0.95O in
an external magnetic field. The field is indicated next to the
curves in meV units of maximum Zeeman energy per site. For
7µB magnetic moment, 1 meV is equivalent to B = 2.47 T.
Overall, our results show that, although on the micro-
scopic level the magnetic interaction in Gd-doped and
Eu-rich EuO deviates strongly from the homogeneous
electron doping model (VCA), this inhomogeneity does
not strongly modify the macroscopic magnetic properties
such as TC(x) and M(T ). The observed deviations of
the M(T ) curves from the conventional behavior should
therefore be due to other mechanisms. At low concen-
trations, as noted above, these deviations may be ex-
plained by the non-Heisenberg character of the indirect
exchange in the half-metallic regime.4,25,26 On the other
hand, the observed anomalies at large Gd concentra-
tions may be induced by finite external fields used in
the measurements,63 or may indicate phase separation
as suggested in Ref. 8. The magnetization curves in Eu-
rich EuO films usually look like a superposition of two
separate magnetization curves with different Curie tem-
perature, one of which coincides with that of pure EuO.
This feature suggests phase separation,11,60 but contrary
evidence61 shows the need for further investigation.
VI. CONCLUSIONS
We have studied the electronic structure, magnetic in-
teraction, and thermodynamic properties of Gd-doped
and Eu-rich EuO using first-principles calculations. Ho-
mogeneous electron doping of EuO, which was modeled
in the virtual crystal approximation, leads to a broad
maximum in TC . This maximum is due to the com-
petition between the monotonically increasing indirect
exchange contribution and the f -d hopping mechanism,
which generates ferromagnetism in pure EuO but is sup-
pressed at large doping concentrations. Calculations with
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variable polarization of the 4f shell reveal a pronounced
non-Heisenberg character of the indirect exchange inter-
action at small doping concentrations in agreement with
the model of Mauger,25 which leads to strongly enhanced
TC and an anomaly in the M(T ) curve.
We have analyzed the electronic structure of isolated
Gd impurities and O vacancies in EuO. Both these de-
fects donate one electron to the conduction band in
the ferromagnetic state. An O vacancy introduces an
exchange-split F center-like level, which is half-filled in
the ground state. Estimates based on the key parameters
extracted from our calculations suggest that in the limit
of low vacancy concentrations the impurity state should
become doubly occupied, assuming that the 4f spins are
fully disordered. This is consistent with the “He atom
model” of the metal-insulator transition observed in the
bulk samples of Eu-rich EuO14 and with no enhance-
ment of TC in such samples. However, the estimated
0.05 eV activation energy in the paramagnetic state is
too low compared to the transport measurements, and
we can not rule out the formation of bound magnetic
polarons. At higher vacancy concentrations typical for
Eu-rich EuO films, the impurity states broaden into im-
purity bands, the upper one of which remains partially
filled in the paramagnetic state. The impurity states be-
have as Anderson local moments in this regime. This is
consistent with the observed strong enhancement of TC
in Eu-rich EuO films. Localized states on O vacancies
could also provide the bound states observed in ARPES
in Gd-doped EuO.34
To go beyond the homogeneous doping model, we em-
ployed a magnetostructural cluster expansion (MSCE)
approach, which explicitly includes the effect of local
chemical environment on the magnetic interaction. For
the case of Gd-doped EuO we constructed an MSCE
based on the input data from first-principles calculations
that covers a wide range of Gd concentration of up to
25%. For Eu-rich EuO, we set up a simple MSCE based
on the data for one supercell with a single vacancy. The
resulting Hamiltonians were used in Monte Carlo simu-
lations. The Curie temperature in Gd-doped EuO was
found to behave similar to the virtual crystal approxi-
mation, exhibiting a maximum as a function of Gd con-
centration. The results suggest that the intrinsic limit9
of TC in Gd-doped EuO is approximately 150 K. Oxy-
gen vacancies induce a sharper rise in TC compared to
a similar concentration of Gd dopants due to the strong
exchange coupling of the neighboring Eu atoms medi-
ated by the polarized impurity levels. Microscopic inho-
mogeneity does not lead to any anomalies in the M(T )
curves, at least in the random alloys that we have con-
sidered.
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